Introduction {#Sec1}
============

In recent years, there exist a large number of published papers on the theory of time scales which was introduced by Stefan Hilger \[[@CR1]\] in his Ph.D. thesis in 1988 in order to unify and extend the difference and differential calculus in a consistent way, for instance, \[[@CR2]--[@CR16]\] and the references therein. In particular, many scholars attached great importance to the study of dynamic inequalities on time scales (see, e.g., \[[@CR17]--[@CR31]\] and the references therein), which extended some discrete and continuous inequalities (see \[[@CR32]--[@CR36]\] and the references therein).
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In 2014, the authors in \[[@CR27]\] investigated the nonlinear Volterra--Fredholm type integral inequality on time scales $$\documentclass[12pt]{minimal}
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Very recently, the author in \[[@CR29]\] discovered the retarded Volterra--Fredholm type integral inequality on time scales $$\documentclass[12pt]{minimal}
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Inspired by the ideas employed in \[[@CR22], [@CR27], [@CR29]\], here we obtain some new nonlinear Volterra--Fredholm type integral inequalities on time scales. Our results not only generalize and extend the results of \[[@CR22], [@CR27]\] and some known integral inequalities but also provide a handy and effective tool for the study of qualitative properties of solutions of some complicated Volterra--Fredholm type dynamic equations.

Preliminaries {#Sec2}
=============

For an excellent introduction to the calculus on time scales, we refer the reader to \[[@CR5]\] and \[[@CR6]\].
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We give the following lemmas in order to use them in our proofs. One can find details in \[[@CR5]\].
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                \begin{document} $$\begin{aligned} M =&K+V(T)+ \int_{\beta(t_{0})}^{\beta(T)} \biggl[qk_{2}^{q-1}f_{3}(s) \biggl(z(s)+f_{4}(s) \int_{\beta(t_{0})}^{s}g_{2}(\tau)z(\tau)\Delta\tau \biggr) \biggr] \Delta s \\ &{}+ \int_{\gamma(t_{0})}^{\gamma(T)} \biggl[rk_{3}^{r-1}f_{5}(s) \biggl(z(s)+f_{6}(s) \int_{\gamma(t_{0})}^{s}g_{3}(\tau)z(\tau)\Delta\tau \biggr) \biggr] \Delta s. \end{aligned}$$ \end{document}$$ Then ([3.13](#Equ18){ref-type=""}) can be restated as $$\documentclass[12pt]{minimal}
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                \begin{document}$$ z(t)\leq M+b(t) \int_{\alpha(t_{0})}^{\alpha(t)} \biggl[pk_{1}^{p-1}f_{1}(s) \biggl(z(s)+f_{2}(s) \int_{\alpha(t_{0})}^{s}g_{1}(\tau)z(\tau)\Delta\tau \biggr) \biggr] \Delta s,\quad t\in I. $$\end{document}$$ Set $$\documentclass[12pt]{minimal}
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                \begin{document}$$ w(t)=M+b(t) \int_{\alpha(t_{0})}^{\alpha(t)} \biggl[pk_{1}^{p-1}f_{1}(s) \biggl(z(s)+f_{2}(s) \int_{\alpha(t_{0})}^{s}g_{1}(\tau)z(\tau)\Delta\tau \biggr) \biggr] \Delta s, \quad t\in I. $$\end{document}$$ Then $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} w^{\Delta}(t) =&b^{\Delta}(t) \int_{\alpha(t_{0})}^{\alpha (\sigma(t))} \biggl[pk_{1}^{p-1}f_{1}(s) \biggl(z(s)+f_{2}(s) \int_{\alpha (t_{0})}^{s}g_{1}(\tau)z(\tau)\Delta\tau \biggr) \biggr] \Delta s \\ &{}+b(t) \biggl[pk_{1}^{p-1}f_{1}\bigl(\alpha(t) \bigr) \biggl(z\bigl(\alpha(t)\bigr)+f_{2}\bigl(\alpha(t)\bigr) \int _{\alpha(t_{0})}^{\alpha(t)}g_{1}(\tau)z(\tau)\Delta \tau \biggr) \biggr]\alpha ^{\Delta}(t) \\ \leq&b^{\Delta}(t) \int_{\alpha(t_{0})}^{\alpha(\sigma(t))} \biggl[pk_{1}^{p-1}f_{1}(s) \biggl(w(s)+f_{2}(s) \int_{\alpha(t_{0})}^{s}g_{1}(\tau)w(\tau )\Delta \tau \biggr) \biggr] \Delta s \\ &{}+b(t) \biggl[pk_{1}^{p-1}f_{1}\bigl(\alpha(t) \bigr) \biggl(w\bigl(\alpha(t)\bigr)+f_{2}\bigl(\alpha(t)\bigr) \int _{\alpha(t_{0})}^{\alpha(t)}g_{1}(\tau)w(\tau)\Delta \tau \biggr) \biggr]\alpha ^{\Delta}(t) \\ \leq&w\bigl(\sigma(t)\bigr)b^{\Delta}(t) \int_{\alpha(t_{0})}^{\alpha(\sigma(t))} \biggl[pk_{1}^{p-1}f_{1}(s) \biggl(1+f_{2}(s) \int_{\alpha(t_{0})}^{s}g_{1}(\tau)\Delta\tau \biggr) \biggr] \Delta s \\ &{}+w(t)b(t) \biggl[pk_{1}^{p-1}f_{1}\bigl( \alpha(t)\bigr) \biggl(1+f_{2}\bigl(\alpha(t)\bigr) \int _{\alpha(t_{0})}^{\alpha(t)}g_{1}(\tau)\Delta\tau \biggr) \biggr]\alpha^{\Delta}(t) \\ =&A(t)w\bigl(\sigma(t)\bigr)+C(t)w(t), \quad t\in I, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$ z(t)\leq\frac{K+V(T)}{1-\lambda}e_{B \oplus C}(t,t_{0}),\quad t\in I. $$\end{document}$$ Noting ([3.10](#Equ15){ref-type=""}), we get the desired inequality ([3.3](#Equ8){ref-type=""}). This completes the proof. □
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Corollary 3.1 {#FPar10}
-------------
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                \begin{document} $$\begin{aligned}& A(t) = b^{\Delta}(t) \int_{\alpha(t_{0})}^{\alpha(\sigma(t))} \biggl[f_{1}(s) \biggl(1+f_{2}(s) \int_{\alpha(t_{0})}^{s}g_{1}(\tau)\Delta\tau \biggr) \biggr] \Delta s, \qquad B(t)=\frac{A(t)}{1-\mu(t)A(t)}, \\& C(t) = b(t) \biggl[f_{1}\bigl(\alpha(t)\bigr) \biggl(1+f_{2} \bigl(\alpha(t)\bigr) \int_{\alpha (t_{0})}^{\alpha(t)}g_{1}(\tau)\Delta\tau \biggr) \biggr]\alpha^{\Delta}(t). \end{aligned}$$ \end{document}$$

Theorem 3.2 {#FPar11}
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                \begin{document} $$\begin{aligned} u^{l}(t) \leq& a(t)+b(t) \int_{\alpha(t_{0})}^{\alpha (t)}f_{1}(s) \biggl[u^{q_{1}}(s)+f_{2}(s) \int_{\alpha(t_{0})}^{s}g_{1}(\tau )u^{r_{1}}(\tau)\Delta\tau \biggr]^{\theta_{1}} \Delta s \\ &{}+ \int_{\beta(t_{0})}^{\beta(T)}f_{3}(s) \biggl[u^{q_{2}}(s)+f_{4}(s) \int_{\beta (t_{0})}^{s}g_{2}(\tau)u^{r_{2}}( \tau)\Delta\tau \biggr]^{\theta_{2}} \Delta s \\ &{}+ \int_{\gamma(t_{0})}^{\gamma(T)}f_{5}(s) \biggl[u^{q_{3}}(s)+f_{6}(s) \int _{\gamma(t_{0})}^{s}g_{3}(\tau)u^{r_{3}}( \tau)\Delta\tau \biggr]^{\theta_{3}} \Delta s,\quad t\in I. \end{aligned}$$ \end{document}$$ *If there exist positive constants* $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \lambda :=& \int_{\beta(t_{0})}^{\beta(T)} \biggl[{\theta_{2}}k_{4}^{{\theta_{2}}-1} \widetilde{f}_{3}(s) \biggl(e_{B \oplus C}(s,t_{0})+f_{4}(s) \int_{\beta(t_{0})}^{s}\widetilde{g}_{2}( \tau)e_{B \oplus C}(\tau,t_{0})\Delta\tau \biggr) \biggr] \Delta s \\ &{}+ \int_{\gamma(t_{0})}^{\gamma(T)} \biggl[{\theta_{3}}k_{7}^{{\theta _{3}}-1} \widetilde{f}_{5}(s) \biggl(e_{B \oplus C}(s,t_{0})+f_{6}(s) \int_{\gamma (t_{0})}^{s}\widetilde{g}_{3}( \tau)e_{B \oplus C}(\tau,t_{0})\Delta\tau \biggr) \biggr] \Delta s< 1, \end{aligned}$$ \end{document}$$ *then* $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \begin{aligned}[b] \widetilde{K} &= \int_{\beta(t_{0})}^{\beta(T)} \biggl\{ {\theta _{2}}k_{4}^{{\theta_{2}}-1}f_{3}(s) \biggl[\frac{l-q_{2}}{l}k_{5}^{q_{2}} +f_{4}(s) \int_{\beta(t_{0})}^{s}g_{2}(\tau) \biggl( \frac{l-r_{2}}{l}k_{6}^{r_{2}} \biggr) \Delta\tau \biggr] \\ &\quad {} +(1-{\theta_{2}})k_{4}^{\theta_{2}}f_{3}(s) \biggr\} \Delta s \\ &\quad {} + \int_{\gamma(t_{0})}^{\gamma(T)} \biggl\{ {\theta_{3}}k_{7}^{{\theta _{3}}-1}f_{5}(s) \biggl[\frac{l-q_{3}}{l}k_{8}^{q_{3}} +f_{6}(s) \int_{\gamma(t_{0})}^{s}g_{3}(\tau) \biggl( \frac{l-r_{3}}{l}k_{9}^{r_{3}} \biggr)\Delta\tau \biggr] \\ &\quad {} +(1-{\theta_{3}})k_{7}^{\theta_{3}}f_{5}(s) \biggr\} \Delta s, \end{aligned} \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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-----
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Remark 3.1 {#FPar13}
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Theorem 3.3 {#FPar14}
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-----
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Applications {#Sec4}
============

In this section, we will present some simple applications for our results. First, we consider the following Volterra--Fredholm type dynamic integral equation: $$\documentclass[12pt]{minimal}
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The following theorem gives the bound on the solution of Eq. ([4.1](#Equ91){ref-type=""}).

Theorem 4.1 {#FPar19}
-----------
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Proof {#FPar20}
-----
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Secondly, we consider the following retarded Volterra--Fredholm type dynamic integral equation on $\documentclass[12pt]{minimal}
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The next result also deals with the boundedness of the solutions of Eq. ([4.5](#Equ95){ref-type=""}).

Theorem 4.2 {#FPar21}
-----------
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